A non-linear equation obtained by adding self-interaction terms to the Poisson equation for Newtonian gravity is here analysed for the spherical vacuum and a static homogeneous compact source of given proper mass and radius. The main feature of this picture is that, although the freedom of shifting the potential by an arbitrary constant is lost, the solutions remain qualitatively very close to the Newtonian behaviour. We also notice that the negative gravitational potential energy is smaller than the proper mass for sources with small compactness, but for sources that should form black holes according to General Relativity, the gravitational potential energy becomes of the same order of magnitude of the proper mass, or even much larger.
Introduction
It is well-known that Newtonian gravity can be recovered from General Relativity in the weak field and non-relativistic regime [1] . It was also shown long ago that General Relativity is in turn the simplest among the (diffeomorphism invariant) consistent completions of the linear Newtonian gravity with the graviton self-coupling [2] . This can be more easily demostrated in the first order Palatini formalism, in which the metric g and the connection Γ are initially treated as independent variables. The relation that makes Γ compatible with the metric is then derived and contains the inverse of g, which makes it apparent why this completion is essentially non-perturbative. Later on, it was shown [3] that there in fact exists a larger class of Lorentz invariant theories for interacting massless gravitons which are consistent with quantum physics (see also Refs. [4] [5] [6] ).
In the present work we wish to tackle a much more modest task than recovering classical General Relativity and all of its fundamental symmetries, namely we will study an effective equation for the gravitational potential of a static source which contains a gravitational self-interaction term beside the usual coupling with the matter density. Following an idea from Ref. [7] , this equation was derived in details from a Fierz-Pauli Lagrangian in Ref. [8] , and it can therefore be viewed as stemming from the truncation of the fully relativistic theory at some "post-Newtonian" order (for the standard post-Newtonian formalism, see Ref. [9] ). The main motivation for this study is provided by the quantum model of corpuscular black holes [10] , in which the constituents of black holes are assumed to be gravitons marginally bound in their own gravitational potential well. The typical size of this well is given by the characteristic Compton-de Broglie wavelength λ G ∼ R H , where 1
is the Schwarzschild (gravitational) radius of the black hole of mass M , and whose depth is proportional to the very large number
of soft quanta in this condensate. When the contribution of gravitons is related to the necessary presence of ordinary matter, the picture appears connected to the post-Newtonian approximation [7] . This can be seen by considering that the (negative) gravitational energy of a source of mass M localised inside a sphere of radius R is given by 3) where V N ∼ −G N M /R is the (negative) Newtonian potential. This potential can be represented by the expectation value of a scalar field over a coherent state |g , whose normalisation then yields the graviton number (1.2), which reproduces Bekenstein's area law [11] . In addition to that, assuming most gravitons have the same wave-length λ G , the (negative) energy of each single graviton is correspondingly given by 4) which yields the typical Compton-de Broglie length λ G ∼ R. The graviton self-interaction energy hence reproduces the (positive) post-Newtonian energy, 5) and the fact that gravitons in a black hole are marginally bound is reflected by the "maximal packing" condition [10] , which roughly reads U N + U GG 0 for R = R H [7, 8] .
The above quantum picture was previously tested by studying small (post-Newtonian) perturbations around the Newtonian potential in Ref. [8] . However, since the post-Newtonian correction V PN ∼ 1/r 2 is positive and grows faster than the Newtonian potential near the surface of the source, one is allowed to consider only matter sources with radius R R H for this approximation to hold. This consistency condition clearly excludes the possibility to study very compact matter sources and, in particular, those on the verge of forming a black hole, that is with R R H . For the ultimate purpose of including such cases, we shall here study the non-linear equation of the effective theory derived in Ref. [8] at face value, without requiring that the corrections it introduces with respect to the Newtonian potential remain small. We shall nonetheless show that the qualitative behaviour of the complete solutions to our non-linear equation resembles rather closely the Newtonian counterpart. This result, which essentially stems from including a gravitational self-interaction in the Poisson equation, is what we call "bootstrapping" the Newtonian gravity.
The paper is organised as follows: in the next Section we briefly review the derivation of the effective equation for the gravitational potential obtained by including a potential self-interaction; in Section 3, we find the exact solution in the vacuum and, in Section 4, we analyse the case of a homogenous spherical source; a possible connection with the corpuscular model and future perspectives are then discussed in the concluding Section 5.
Effective theory for the gravitational potential
We shall start by briefly recalling the main steps in the derivation of the non-linear equation which reproduces the Newtonian potential to leading order and includes the effects of gravitational selfinteraction obtained in Ref. [8] . First of all, one assumes the local curvature is small, so that the metric can be written as g µν = η µν + h µν , where η µν is the flat Minkowski metric with signature (−, +, +, +) and |h µν | 1. In addition to this weak field limit, we must assume that all matter in the system moves with a characteristic velocity much slower than the speed of light in the (implicitly) chosen reference frame x µ = (t, x). In fact, we shall just consider (static) spherically symmetric systems, so that ρ = ρ(r) and the only relevant component of the metric is therefore h 00 (r) ≡ −2 V (r). In this approximation, the Einstein-Hilbert Lagrangian with matter reduces to
where f ≡ df /dr. The corresponding equation of motion is just the Poisson equation,
for the Newtonian potential V = V N . In order to go beyond the Newtonian approximation, we modify the latter functional by adding a non-linear term. This term can be obtained by noting that the Hamiltonian 
Upon including this new source term, and the analogous higher order term J ρ = −2 V 2 which couples with the matter source, we obtain the total Lagrangian [8]
Finally, the Euler-Lagrange equation for V is thus given by
where q Φ is a self-coupling parameter. In particular, it was shown in Ref. [8] that the first postNewtonian expansion of the Schwarzschild metric is recovered for q Φ = 1, and we shall therefore assume this value in the following (we will briefly come back to this point in the Conclusions).
In the next sections, we shall analyse Eq. (2.7) as an effective description of the static gravitational field V generated by a static source of density ρ in flat space-time. In other words, we abandon, or disregard, its geometric origin given by the Einstein-Hilbert action and proceed by assuming there exists a reference frame in which the motion of test particles are described by Newton's law with a potential that solves Eq. (2.7). Before we try and solve this equation, it is then important to note that the freedom to shift the Newtonian potential by an arbitrary constant, say V 0 , is now lost in general. In fact, if V c solves Eq. (2.7), for anyV = V c + V 0 one finds
which therefore means thatV would still be a solution only if V c = V N . This property clearly parallels General Relativity. We however note that Eq. (2.6) does not yet contain the pressure as a source, which will have to be added in order to ensure energy conservation in general, as we will comment more extensively in Section 5. On a qualitative ground, one might expect that the term in the r.h.s. of Eq. (2.7) becomes less important for V c negative and large, and one approximately recovers the Poisson equation (2.2) in this case. We shall in fact see that the solution to Eq. (2.7) can be conveniently expressed as a (somehow small) perturbation about the Newtonian potential where ρ = 0. On the other hand, in the vacuum ρ = 0 and the effect of the new gravitational self-coupling in Eq. (2.7) leads to (possibly) significant departures from the Newtonian behaviour.
Spherical vacuum solution
In the vacuum, where ρ = 0, Eq. (2.7) with q Φ = 1 reads which is exactly solved by
where c 1 and c 2 are integration constants, and we note again that that one cannot shift V c by an arbitrary constant V 0 . The two integration constants can still be fixed by requiring the expected Newtonian behaviour in terms of the ADM mass [12] M for large r. One must then have c 1 = 1 and c 2 = 6 G N M , which yield
The large r expansion now reads 4) and contains the expected post-Newtonian term V PN of order G 2 N without any further assumptions [8] . Moreover, unlike its truncation at order G 2 N , the above V c tracks the Newtonian solution for all values r > 0 (see Fig. 1 ). In particular, V c remains (increasingly) negative like V N , but diverges slower than V N for r → 0, since 5) as is also displayed by the relative difference in the right panel of Fig. 1 . This shows that the added source in the r.h.s. of Eq. (3.1) acts as a (partial) regulator. In Fig. 1 , we also plot the large r expansion (3.4) up to the first post-Newtonian approximation of order G 2 N , which describes a repulsive force for r < 2 G N M . Of course, gravity is attractive and one must view this result as indicating the post-Newtonian expansion fails at such short distances.
Homogeneous ball in vacuum
Since we are interested in compact sources, we will consider the simplest case in which the matter density is homogeneous and vanishes outside the sphere of radius r = R, that is
where Θ is the Heaviside step function, and
Even with this static and very simple matter density, it is impossible to find analytic solutions to Eq. (2.7), so we shall first solve it numerically and then proceed to find analytical approximations. For the numerical solutions, it is useful to introduce dimensionless units by considering the size R of the source as the reference length, that is we define
wheref ≡ df /dr, the operator˜ =r −2 ∂r r 2 ∂r and
Newtonian solution
As a reference, we shall first consider the Newtonian potential for this homogeneous sphere, and then analyse the different regions of space separately for the complete Eq. (2.7). Eq. (2.2) with the density (4.1) in dimensionless units reads
Its complete solution can be easily obtained by matching the (asymptotically regular) vacuum solution forr > 1,Ṽ
where G N M ≡ RM , with the solution (regular in the centre) for 0 ≤r < 1,
where C is a constant to be determined. In particular, requiring that bothṼ N and its derivativeṼ N be continuous acrossr = 1 fixes the integration constant C = 1 andM =M 0 , that is 
Fully numerical solutions
The above Newtonian solutionṼ N is obtained from the boundary conditions 10) which fix all of the integration constants and only leave a dependence onM 0 =M . The same boundary conditions are then required for the solutionṼ c to Eq. (4.4), which we therefore expect will be uniquely determined byM 0 . Some numerical solutionsṼ c computed for given values ofM 0 are shown in Fig. 2 , where they are also compared with the corresponding Newtonian potentials (4.9). The main features of the numerical solutionsṼ c are that they systematically lie below their Newtonian counterpartsṼ N , but their shapes are qualitatively very close.
Analytical approximations
The features found numerically will now guide us to find analytical approximations for the interior of the homogeneous source. First of all, outside the source ρ = 0, and the exact solution In the following, it will be also useful to consider the value of this potential atr = 1, 12) and of its derivative,Ṽ 13) whereṼ N is the Newtonian potential, and the term in brackets contains the corrections to the Newtonian force at the surface of the sphere.
Inside the homogeneous source
Let us next consider the interior of the matter source, that is 0 ≤r < 1. An exact solution for the homogeneous density can be found which is however positive everywhere and cannot be used for describing a ball immersed in an outer vacuum (see Appendix C).
Since it is hard to find exact analytical solutions where the density ρ > 0, we first writẽ
and assume |W | |Ṽ N | forr 0. Upon replacing into Eq. (4.4), we obtaiñ 
where we assumed C > 1, since the numerical solutions suggest that |Ṽ c (0)| > |Ṽ N (0)|. We then find our approximation should be rather accurate for any values ofM 0 as long as C ≥ 1. The accuracy of the above analytical results is compared with the numerical solutionsṼ n in Fig. 3 , which again shows that the extra source in the r.h.s. of Eq. (2.7) acts as a regulator, and whose effects are significantly dumped where ρ > 0. It is important to remark that the above expansion about the Newtonian potentialṼ N holds for any value ofṼ N (0), which is determined by the constant C in Eq. (4.8). Since the latter is arbitrary, and can only be fixed by matching with the outer Newtonian potential, the above results show that we can in fact have a solutionṼ c with V c (0) = 0 andṼ c (0) such that it will match the outer solution (3.3) atr = 1. 
Matching at the surface
In order to determine the potential for all values ofr > 0, we can start from the approximate solution (4.14) for the interior of the source and match it with the exact outer solution (4.11), at r = 1 (corresponding to r = R). In particular, withṼ N in Eq. (4.8) andW in Eq. (4.16), continuity of the potential and of its derivative atr = 1 (see Appendix B) results in the two conditions
for the three parametersM 0 ,M and C. We can thus determine C andM in terms ofM 0 . The numerical solutions for C andM in the range 1/10 ≤M 0 ≤ 10 are shown in Fig. 4 . Since neglectingW 6 does not introduce a large error, we can estimate C andM analytically just usingW W 4 , so that continuity of the potential atr = 1 reads It is now important to recall thatM 0 = G N M 0 /R 1 corresponds to a source with very large density, asymptotically approaching a Dirac delta function. On the opposite,M 0 = G N M 0 /R 1 represents a source with small density for which one expects the weak field approximation holds. In the next Section, we will specifically look at this case. 
Weak field regime
The above picture simplifies significantly in the weak field regime, which was already studied in Ref. [8] . In fact Eq. (4.4) can be approximated for |Ṽ | 1 as
and the main feature of this equation is that one regains the freedom to shift the potential by an arbitrary constant, like in purely Newtonian gravity. In the vacuum, Eq. (4.26) reads˜ 27) and is exactly solved byṼ
in which two arbitrary integration constants were fixed again by requiring the expected Newtonian behaviour in terms of the ADM massM for larger. The large r expansion of the above solution is the same as Eq. (3.4) up to, and including order G 2 N and the correct post-Newtonian term is again recovered without any further assumptions. In Fig. 5 , we plot the weak field solution (4.28) and compare it to the exact non-linear solution (3.3) and the Newtonian potential for the same value of the ADM mass. Clearly, the plot is only meaningful for r G N M = 1 (in the units of the graph), since the condition |Ṽ WF | 1 implies thatr 2M . The interior of a homogeneous source is now approximately described by the equatioñ
which is solved exactly byṼ
where 0 ≤r ≤ 1 andM 0 1 in order to preserve the weak field approximation. Regularity iñ r = 0 then fixes the integration constant B = 0 and, upon defining A − ln(6M 0 )/4 ≡ 3M 0 C/2, one findsṼ 
and is solved by Eq. (4.21). Upon using this relation betweenM andM 0 , continuity of the potential atr = 1 reads 
Conclusions and outlook
In the previous sections, we have derived the potential satisfying Eq. (2.7) in the vacuum and the one generated by a homogenous compact source. It is now tempting to try and make a connection with the corpuscular picture of black holes that we have mentioned in the Introduction.
First of all, we have already noted that a key feature of the vacuum solution V c in Eq. (3.3) is that it tracks the Newtonian behaviour, and its derivative therefore gives an attractive force for all (finite) values of r > 0. This is in clear contrast with the weak field expansion in Eq. (3.4) , which instead provides a repulsive force for r ≤ R H = 2 G N M , if one only includes the first postNewtonian term V PN . In particular, one can apply a Newtonian argument to V c and define the "horizon" as the place where the escape velocity of a particle subjected to it would equal the speed of light. This occurs for 2 V c (r H ) = −1, which yields
or r H 0.7 R H . We remark once more that a source of size R this small could not be studied in the weak field expansion to first post-Newtonian order, as that approximation does not hold for this range of the radial coordinate.
Since black holes in General Relativity are a region of empty space with a singular source in the very centre, we can first consider the case of a source with radius R r H , orM 1 in our dimensionless units (in whichR = 1). Let us note that, at least for a homogeneous source, we always have M > M 0 and, forM 1 in particular, Eq. (4.23) implies that the ratio
The area law of black holes [11] states that the mass M should measure the number of gravitational degrees of freedom, which is also confirmed explicitly by the number of gravitons (1.2) in the corpuscular picture [10] . The above Eq. (5.
2) therefore appears in line with the expectation that the number of gravitational degrees of freedom should largely overcome the number of matter degrees of freedom (proportional to M 0 ) in a black hole. The previous consideration, however, naturally leads to question whether the mass parameter M in the vacuum solution (3.3) still represents the total energy of the system in our approach. We can indeed compute the gravitational potential energy U G for the homogeneous source analysed in Section 4 (the details are given in Appendix A). If we then add the proper energy M 0 to U G from Eq. (A.5), we find
where α and β are numerical coefficients of order one, which can be estimated using the two approximations employed in Eq. (A.5) or computed numerically. In particular, the above energy E 0G is positive for low density sources withM 0 1, vanishes for G N M 0 /R 0.6 and is negative for very compact sources withM 0 1. We can then consider in detail the case of a homogenous source with R r H , orM
One can solve the matching conditions (4.18) numerically and finds
In particular, this value of M 0 is such that 6) and it is also close to the case that makes the energy (5.3) vanish. The relation
at the (threshold of) black hole formation appears as another form of that "maximal packing" condition at the heart of the corpuscular picture [7, 8, 10] . In fact, Eq. (5.7) is very close to the form of the maximal packing condition that is implemented in the quantum harmonic model of corpuscular black holes [13] . Going back to the question about M and the energy of the self-gravitating system, we must remark that the quantity E 0G in Eq. (5.3) is not the total energy. In fact, in this work, we have considered static sources and gravitational potentials assuming their existence for any given values of the parameters M 0 and R, but it is clear that a suitable matter pressure P is needed in order to keep the system static at a given radius R of the source. At least in the case of a star (far from being a black hole) with G N M ∼ G N M 0 R, this pressure at the surface r = R can be estimated using the vacuum solution (3.3) and Eq. (4.21), which yield 8) where the first term is the usual Newtonian contribution, and the sign of the second term depends on the choice of mass parameter. In any case, the matter pressure will contribute a positive amount of potential energy, say U B , which must be accounted for. The total energy should consequently be given by
and we can further conjecture that E M for physically realistic configurations. It will be clearly very important to include the pressure P (and the corresponding potential energy U B ) in future studies of compact objects, and further establish whether a black hole can indeed be modelled as a static source with R r H ∼ R H according to our effective Lagrangian (2.6).
We would like to conclude by remarking that all expressions and numerical values in this work were obtained from Eq. (2.7) with q Φ = 1, and for the (rather unrealistic) case of a homogeneous matter source. The gravitational potential will change accordingly if a different density profile and self-coupling parameter are used, which leaves us with plenty of options to investigate in the future.
If we instead consider a homogeneous ball in vacuum, the length R naturally becomes the radius of the source. We again switch to dimensionless units and the total gravitational potential energy for the Newtonian solution (4.9) is found to bẽ 
B Junction conditions
Because the shift symmetry is lost, we cannot just match the outer potential (3.3) with just any interior. It is then useful to analyse the matching conditions at r = R. This can be done as usual which is clearly positive everywhere, and cannot be matched with a negative outer potential at r = R. This solution could however be considered as a "cosmological" solution similar to the anti-de Sitter space.
